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Absiract. The effects of the image potential on hydrogenic impurity binding energies in
quasi-one-dimensional GaAs/AlAs quantum well wires with a rectangular cross section
are investigated, The results have shown that, when the impurity ion image potential is
considered, the variations in binding energy are considerable and, when the impurity ion
and electron image potentials are considered simultaneously, the corresponding variations
in binding energy are small. The results also showed that the image potential is important,
especially when the cross section dimenstons of the quantum wire become small.

1. Introduction

With the recent advances in molecular beam epitaxy techniques, it is now possible to
grow wire-like compound semiconductor structures of low nanometre size. Because
of the quantum confinement in two directions, the binding energies of excitions and
impurity states are greatly enhanced in the wires compared with those in quasi-two-
dimensional quantum well structures. Much theoretical interest has been devoted to
the study of hydrogenic impurity states in these quasi-one-dimensional semiconductor
systems [1-4]. However, in these studies the image potentials of impurity ions and
electrons due to the dielectric mismatch inside and outside the quantum well wire
are neglected. Recently several researchers have considered the image potential
in semiconductor interfaces and heterostructures and found that the results are
interesting and the image potential is important [5-9]. Gabovich and Rozenbaum
[5] have studied the potential energy of the image forces in MIS structures, and
their results agree with experimental data on electron tunnelling in MIS structures.
Lee and Antoniewicz [6,7] have investigated the electron bound states and surface
polaron in the vicinity of two orthogonal surfaces, including the electron image
potential. Cappellini and Delsole [8] have calculated the effects of image potential
perturbation on the direct and inverse angle-resolved normal photoemission at an
Si—GaAs semiconductor interface, and the results have shown that the energy shifts
due to image potential are of the order of tens of millielectronvolts. In addition, in
[10] the impurity ion image potential is included in the calculation of the impurity
binding energies in quantum well structures, but the amount of change in binding
energy due to the image potential is left unknown.
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The question is whether or not the effects of the image potential on the
impurity binding energies are negligible. In this paper we discuss this problem
by introducing impurity ion and electron image potentials in quasi-one-dimensional
GaAs/AlAs quantum well wires. In our caiculation, the effective-mass approximation
and variational approach are adopted. Also, we considered only the ground electronic
states whose energies (less than 200 meV) are much smaller than the conduction band
offset (1.07 eV) between AlAs and GaAs; so the potential barrier between AlAs and
GaAs is assumed to be infinitely high.

The paper is organized as follows. In section 2 we explain the Hamiltonian of
hydrogenic impurity states including the image potential. The numerical results and
discussion are presented in section 3.

2. Hamiltonian

Let us consider a quantum wire of GaAs surrounded by AlAs, which is assumed
to have a rectangular cross section and an infinitely high potential barrier between
GaAs and AlAs. In the effective-mass approximation, the Hamiltonian describing the
motion of an electron in the quantum wire can be written

HO) = [pl*/2m” + V (1)

where p and » are the electron momentum and coordinate, respectively, and m*
is the electron-band effective mass which is m* = 0.067m; in GaAs with m; the
free-electron mass. The electron-confining potential well ¥ is given by

oo elsewhere
where 2d; and 2d, are the widths of the rectangular quantum wire.
The energy levels of the unperturbed quantum well wire are given by
Emnk; = Emﬂ + hzki /Zm“ (3&)
E,..= (F’=x*/8m*)(m?/d + n?/d2) (3b)
corresponding to the envelope functions
Bk, (7) = G (2, 1)1/ LY?) exp(ik, 2) (4a)

Smn(:¥) = [1/(d,d, ) ?]sin[(mn/2d,) (2 + d,)]sin[(n7/2d,) (y+4d,)] (4)

where m,n = 1,2,..., and L is the length of the quantum wire.
When a hydrogenic impurity is placed in the quantum wire, the Hamiltonian is

HO(r) = [pf/2m” - /e [(z = 2)? + (y — ) + 271/ + Y &)

where ¢, = 13.1 is the static dielectric constant of GaAs and (xy, yy,0) is the position
of the hydrogenic impurity in the quantum wire.
Now we let the dielectric mismatch between GaAs and AlAs be expressed as

p=(—6)/(a+e) (6a)
P = (€100 = €200/ (€100 T €200) (65)
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with ¢, = 10.1 the static dielectric constant of AlAs, and ¢, = 10.9 and ¢, = 8.16
the optical dielectric constants for GaAs and AlAs respectively. The positions of the
ion image charges are obtained as follows:

af (1) = 2[{¢ = {(¢ + 1)/2]}(dg + @) + [({ + 1)/2)(d, — 20)] + 20
zy () = —2[[(1+ 1D /2)(d; + 2} + {1 - [(1+ 1)/2]Hd, — zp)] + 2

yd (k) = 2 [{k — [(k+ 1)/2]}(d, + w) + [(k + 1D/2)(d, - v)] + w @
vy (k) = —2[[(k + 1/2)(dy + w) + {k — [(k + D/2ANd, - )] + 3
where k,0=0,1,2,..., and [z] = int =. The electronic Hamiltonian including the
impurity ion image potennal can be written as
HO(ry = pl/2m* + V(7)) + (8
where
Vi(r) = —— Z > oo — 2O + [y — () + 27} ©)
IL_U £,F

is the sum of the impurity ion and its image potentials, where 4,7 = +,—

In the practical variational calculation, a finite number of image charges were
included in the expansion of equation (9). Since the dielectric mismatch p is about
15%, the contribution due to high-order image charge terms could be neglected. In
our calculation, we have tried to include the image charges up to first- and second-
order terms, respectively, and found that the differences between the binding energies
of the two cases are below 4%. So we consider the impurity jon image potential only
up to second-order terms.

According to the analysis above, when we further consider the electron image
potential, only the interaction between the electron and its first four image charges
are included in order to simplify our calenlation, ie.

HOr) = Ipfff2m™ + Vi(r) + V(r) + V, (10)
where
Va(r) = C\ /(d2 — &%) + Cof(dd — oF) (11)
is the electron image potential and
Cy = (1€, )p' Ed & Cy = (1/€1,,)p'3d el ' (12)

Because the image potentials of impurity ions and electrons are small compared
with the impurity jon potential, the trial wavefunction of HU)(r) (j = 1,2,3) that
we take is analogous to that used in [1-4] and is written for the ground impurity state
as

w(r) = N cos[(r/2d,)a'] cos[(m/2d, )" exp{~[(= = wo)® + (3 = w)? + 2%]/2 /)
(13)

where N is the normalization constant and ) is the variational parameter. The trial
wavefunction (13) satisfies the boundary conditions.

As usual, we define the impurity binding energy as the energy difference between
the bottom of the electronic conduction band without the unpunty and the ground
level of the impurity state in the quantum wire, ie.

EY = (#x2/8m*)(1/d; + 1/d}) = min{$(r) | HVX(r)p(r))  (14)

where 7 = 1,2,3. The above integrals were calculated numerically.
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3. Results and discussion

According to the geometric symmetry of the quantum wire, we consider only the
impurity binding energies in one rectangular cross section and the following typical
points and lines are selected. In figure 1, O, A, and B are the centre, the centre of
one side and the corner of the cross section, respectively, the lines OA, OB, and AB
connecting these three points.

Figure 1. The rectangular cross section of the

o quantum wire. O, A and B are the centre, the

a * centre of one side and the cormer of the quantum
wire, respectively.

Figure 2 shows the variations in the impurity binding energy with its position
on different lines in the cross section of the quantum wire, where we set the cross
section sizes d, = 4, = 50 A. In figure 2 the full curves represent the impurity
binding energies without the image potential, and the broken curves and chain curves
represent the impurity binding energies including the impurity ion image potential
and including the impurity ion and electron image potentials, respectively.

From figure 2, it is apparent that, when the impurity ion image potential is
added, the impurity binding energies change markedly. The differences Ei(z) - Eim
between the binding epergies in the two cases including and without the impurity
ion image potential at points O, A and B are 6.50 meV, 5.73 meV and 5.47 meV,
respectively. 'When the impurity moves towards one side or the commer of cross
section, these differences decrease subsequently. In figure 2, we also found other
interesting results as follows. When the impurity ion and electron image potentials
are added simultaneously, the corresponding variations in impurity binding energy are
small compared with those considering only the impurity ion image potential. The
differences Ei(s)— Ei(” between the binding energies of the cases including and without
the impurity ion and electron image potentials at points O, A and B are 1.44 meV,
0.91 meV and 0.58 meV, respectively. Also, when the impurity moves towards the
boundary of cross section, the variations in binding energy tend to decrease.

Figure 3 shows the variations in impurity binding energy with the cross section
dimensions d, = d, of quantum wire at three typical points O, A and B. As in
figure 2, here the full curves also represent the impurity binding energies without
the image potential, and the broken curves and chain curves represent the impurity
binding energies including the impurity ion potential and including the impurity ion
and electron image potentials, respectively. In figure 3, it can be easily seen that
the differences between the impurity binding energies of the cases including and
without the image potential at the three points O, A and B increase with decrease
in cross section dimensions. When the cross section sizes d = d, = 250 A, the

differences Ej(z) - Ej(” between the impurity binding energies of the two cases
including and without the impurity ion image potential at the three points O,
A and B are 2.16 meV, 1.58 meV and 1.34 meV, respectively, and the differences
Ei(3)— Eim between the impurity binding energies of the cases including and without
the impurity ion and electron image potentials at points O, A and B are 0.55 meV,
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Figure 2. Numerical results for impurity binding
energies on (g) line OA, (&) line OB and (¢) line
AB in the cross section of the guantum wire, where
the cross section sizes dz = dy = 50 A. The
full curves represent the impurity binding energies
without considering the image polential, and the
broken curves and chain curves represent the
corresponding impurity binding energies including
the impurity ion image potential and including
the impurity ion and electron image potentials,
respectively.
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Figure 3. The variations in impurity binding

energy with cross section dimensions d; = dy
at the three points (@) O, () A and () B in
the quantum wire. The full curves represent the
impurity binding energies without considering the
image potential, and the broken curves and chain
curves represent the corresponding impurity binding
energies including the impurity ion image potential
and including the impurity ion and electron image
potentials, respectively.

0.48 meV and 0.40 meV, respectively. When the cross section sizes are reduced to
d,=d, =25 A, the corresponding differences Ei(z) - Ei(l) at the three points O, A

T
and B are 11.83 meV, 10.78 meV and 9.65 meV, respectively, and the corresponding
differences Ei(3) - Eim at the points O, A and B are 2.16 meV, 1.70 meV and
1.30 meV, respectively.
The results obtained above are interesting and their physical interpretation and
discussion are as follows. From equations (6), we can see that the dielectric

mismatches p and p' between GaAs and AlAs are larger than zero; so the impurity
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ijon image potential in equation (9) is negative. This is the reason for the marked
increase in impurity binding energies when the electronic Hamiltonian included the
impurity ion image potential. In contrast, from equation (11), we can also see that
the electron image potential is positive, and the impurity ion and electron image
potentials cancel each other. As a result, when the sum of the impurity jon and
electron image potentials is added, the variations in impurity binding energy become
small. In addition, when the cross section sizes decrease, the quantum confinement
of electrons is strengthened, and the interaction potential between the electrons and
image charges increases. This results in an increase in the differences between the
impurity binding encrgies of the cases including and without the image potential.
The results obtained above remind us that the image potential in the quantum wire
is important. Strictly speaking, the image potential in the quantum wire cannot
be neglected in calculating the impurity binding energies, especially when the cross
section dimensions of the quantum wire become small. When the impurity binding
energies in the quantum wire are calculated, both the impurity ion and the electron
image potentials should be included in the electronic Hamiltonian simultaneously and
not only the impurity ion image potential considerad.

In conclusion, we have studied the effects of the image potential on hydrogenic
impurity binding energies and found that, when only the impurity ion image potential
is included, the variations in binding energy are considerable and, when the impurity
ion and electron jmage potentials are considered simultanecusly, the variations in
impurity binding energy become small. The results also showed that the differences
between the binding energies of the cases including and without the image potential
increase with decrease in the cross section dimensions of the quantum wire. These
remind us that the image potential should be considered in calculating the impurity
binding energy, especially when the cross section dimensions of the quantum wire are
small.
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